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Abstract
We discuss an alternative subtraction scheme for NLO QCD calcu-
lations, which is based on the splitting kernels of an improved parton
shower. As an example, we show results for the C parameter of the pro-
cess e+ e− → 3 jets at NLO used for the verification of this scheme.
1 Introduction
It is indisputable that higher order corrections are needed to correctly predict
fully differential distributions for scattering processes at high precision. How-
ever, the implementation of NLO calculations into numerical tools exhibits a
caveat stemming from the infrared divergence of real and virtual NLO contri-
butions, which originate from different phase spaces: although in the sum of
all contributions, the infinite parts exactly cancel, the behaviour of the diver-
gence needs to be parametrized, e.g. by infinitesimal regulators. In practise,
this can result in large unphysical numerical uncertainties. A way to circum-
vent this problem is the introduction of subtraction schemes. We here discuss a
specific scheme and its properties [1], using splitting kernels as well as mapping
prescriptions which were already suggested in the framework of an improved
parton shower [2, 3, 4, 5]. It was further developed for processes with an arbi-
trary number of final states in [6], with a review in [7]. Furthermore, the scheme
has been implemented within the HelacNLO framework [8].
1
2 Subtraction Schemes
Higher order subtraction schemes make use of factorization of the real-emission
matrix element in the soft or collinear limits, leading to the decomposition
|Mm+1(pˆ)|
2
−→ Dℓ ⊗ |Mm(p)|
2
[9, 10, 11]. Here and in the following, we
follow the notation presented in [1, 6, 7]. The subtracted contributions are then
given by
σNLO =
∫
m+1
[
dσR − dσA
]
︸ ︷︷ ︸
finite
+
∫
m+1
dσA +
∫
m
dσV︸ ︷︷ ︸
finite
(1)
where
∫
m
[
dσB + dσV +
∫
1
dσA
]
=
∫
dPSm
[
|Mm|
2
+ |Mm|
2
one-loop +
∑
ℓ
Vℓ ⊗ |Mm|
2
]
,
∫
m+1
[
dσR − dσA
]
=
∫
dPSm+1
[
|Mm+1|
2
−
∑
ℓ
Dℓ ⊗ |Mm|
2
]
,
(2)
and where
∫
dPS denotes the integration over the respective phase space, in-
cluding all symmetry and flux factors. The symbols dσB, dσV , dσR stand for
the Born, virtual and real-emission contributions of the calculation, while real-
emission subtraction terms are summarized as dσA. Since |Mm+1|
2
and |Mm|
2
live in different phase spaces, their momenta need to be mapped via a mapping
function. Furthermore, the subtraction term Dℓ and its one-parton integrated
counterpart Vℓ are related by Vℓ =
∫
dξpDℓ, where dξp is an unresolved one-
parton integration measure. In the scheme discussed here, we apply a momen-
tum mapping which leads to an overall scaling behaviour ∼ N2 for a process
with N partons in the final state.
3 Scheme setup
We denote four-momenta in the Born-type kinematics by unhatted quantities pi,
while the real emission phase space momenta are denoted by hatted quantities
pˆi; initial state momenta are labelled pa and pb, where Q = pa + pb and with
Q2 being the squared centre-of-mass energy, with equivalent relations in the real
emission phase space; generally, pˆℓ labels the emitter, pˆj the emitted parton and
pˆk the spectator.
2
The real emission matrix element | Mℓ({pˆ, fˆ}m+1)〉 is related to the Born one
| M({p, f}m)〉 via [2]
| Mℓ({pˆ, fˆ}m+1)〉 = t
†
ℓ(fℓ → fˆℓ + fˆj)V
†
ℓ ({pˆ, fˆ}m+1) | M({p, f}m)〉, (3)
In our scheme, soft/ collinear divergences from interference terms are treated
using dipole partitioning functions Aℓk [4], which have been explicitely discussed
in [1, 6, 7]. All (integrated) subtraction terms are specified in the same reference.
The improved scaling behaviour of our scheme mainly results from the specific
mapping between the real emission and Born-type kinematic phase spaces for
final state emitters. For final state mappings, we use the whole remainder of
the event as a spectator in terms of momentum redistributions:
pℓ =
1
λℓ
(pˆℓ + pˆj)−
1− λℓ + yℓ
2λℓ aℓ
Q, pµn = Λ(K, Kˆ)
µ
ν pˆ
ν
n, n /∈ {ℓ, j = m+ 1}, (4)
with Λ(K, Kˆ)µν = g
µ
ν −
2 (K+Kˆ)µ (K+Kˆ)ν
(K+Kˆ)2
+ 2K
µ Kˆν
Kˆ2
, where yℓ =
P 2ℓ
2Pℓ·Q−P 2ℓ
.
where we introduced λℓ (yℓ, aℓ) =
√
(1 + yℓ)
2 − 4 aℓ yℓ, K = Q− pℓ,
Kˆ = Q− Pℓ, aℓ (Pℓ, Q) =
Q2
2Pℓ ·Q−P 2ℓ
, with Pℓ = pˆℓ+ pˆj. It is the global map-
ping for all remaining particles in Eqn. (4) that is responsible for the reduced
number of Born-type matrix reevaluations. For the real emission subtraction
terms, we then obtain the total contribution
dσAab(pˆa, pˆb) = dσ
A,a
ab (pˆa, pˆb) + dσ
A,b
ab (pˆa, pˆb) +
∑
ℓ 6= a, b
dσA,ℓab (pˆa, pˆb), (5)
with the sum over all possible final state emitters.
In the setup of the scheme, the finite remainders of some subtraction terms
are currently evaluated numerically. This poses no impediment for the imple-
mentation of our scheme. We have approximated all remainders for numerical
integrals by approximation functions, cf. [12] for a first preliminary discussion.
4 Results
We here show the results for the C parameter in the process e+ e− → 3 jets [6].
For this, the real emission processes are given by
e+ e− → q q¯ q q¯, e+ e− → q q¯ g g. (6)
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Figure 1: Left: Total result for differential distribution C
σ0
dσNLO
dC
using both our
dipoles (red, ”NS”) and Catani-Seymour dipoles (green, ”CS”). The standard
literature result obtained using the CS scheme is completely reproduced with
the NS dipoles. Right: Differences ∆CS-NS for real emission (red, upper) and
virtual (green, lower) contributions, showing that especially for low C values the
contributions in the two schemes significantly differ. Adding up ∆real + ∆virt
renders 0 as expected.
These contributions call for (8 + 10) matrix element reevaluations per phase
space point in the Catani-Seymour [13] and (4+5) reevaluations in our scheme,
respectively. We display our results in terms of the C distribution[14]
C(n) = 3
{
1−
∑n
i,j =1, i<j
s2ij
(2 pi·Q) (2 pj ·Q)
}
, (sij = 2 pi · pj). (7)
Figure 1 shows that we reproduce the literature result [15], as well as agreement
between implementations of both schemes. We want to point out that this is
indeed a non-trivial statement, as the differences between the two schemes for
both subtracted real emission as well as virtual contributions are sizeable.
5 Summary
We here reported on an alternative NLO subtraction scheme for QCD calcu-
lations, which uses the splitting functions of an improved parton shower as
subtraction kernels. We have briefly discussed the setup, and especially the
features leading to an improved scaling behaviour of our scheme. Results for
the process e+ e− → 3 jets have been presented. Summarizing, we regard the
scheme discussed here as a viable alternative to standard schemes.
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